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Abstract: We study the problem of dynamic pricing of perishable items when demand intensity and the reservation price distribution are unknown. The company
learns consumer demand through successive observations over consecutive planning
horizons by aggregating the forecasts generated from a pool of online stochastic
prediction strategies. The methodology of this paper is general and independent
of the form of the reservation price distribution. Copyright c 2006 IFAC
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1. INTRODUCTION
Dynamic pricing is an increasingly common revenue management practice in industry. Its applications are usually characterized by a finite supply
of some inventory item, a fixed time span over
which sales occur, and price sensitive demand
which may vary stochastically. In the dynamic
pricing approach to revenue management, the entire supply is usually treated as homogeneous,
while the customers are differentiated through
prices which vary dynamically over time. There
is an extensive literature on revenue management
and related practices. The main references include books (Talluri and van Ryzin, 2004; Phillips,
2005). Representative references on dynamic pricing include (Gallego and van Ryzin, 1994; Zhao
and Zheng, 2000). These pricing models are based
on exact knowledge of demand characteristics
such as customer arrival intensity and the reservation price distribution.
To employ any revenue management practice in
general, and dynamic pricing in particular, one
needs to know the future demand (for example,
as a function of time and price). However, the

exact value of demand can rarely be known with
certainty. Moreover, even stochastic models recognizing the uncertain nature of demand assume
some knowledge of demand distributions which
cannot be known precisely in practice. This uncertainty in demand characteristics has long been
recognized in the economics, marketing/pricing,
inventory management, and revenue management
literature. Balvers and Cosimano (1990) study a
pricing problem with learning of linear demand
with no limits on sales due to inventory levels.
Petruzzi and Dada (2002) consider a stocking and
pricing model with a fixed but unknown perturbation of some given demand function. Recent papers (Bertsimas and Perakis, 2003; Aviv and Pazgal, 2002; Lin, 2005) study the pricing of a fixed
stock of items over a finite horizon with demand
learning. However, only Bertsimas and Perakis
(2003) consider learning of all demand characteristics including the price sensitivity. Their approach
assumes a linear demand model with normal perturbations. The latter two papers assume a known
reservation price distribution.
In our view, since demand evolves in time, demand
learning naturally belongs to the class of online

methods. Furthermore, to ensure wide applicability in practice, an effective methodology should
be free from specific distributional assumptions.
A sufficiently general approach to online learning
is the Aggregating Algorithm (AA) (Vovk, 1999)
which was originally developed to address the
problem of combining expert advice (Vovk, 1990).
Similar techniques and variations of AA have been
applied to the problem of online portfolio selection
since the work of Cover (1991). Our numerical
technique is based on the aggregation of Markov
switching strategies (a variation of AA), a method
applied to online portfolio selection by Levina
(2004). Online learning methods are particularly
appropriate in situations where historical data are
scarce or irrelevant due to changes in environment.
2. PRICING MODEL
We consider a product with limited availability
sold by a monopolistic company over several planning horizons, each comprising T decision periods:
{0, 1, . . . , T −1}. The initial inventory of the product at time 0 is Y , with no replenishment possible during a planning period, and each planning
period starts with the same initial inventory. At
time T, the product expires and all unsold items
are lost.
We assume that customers arrive according to a
discrete-time counting process N (t) with at most
one arrival per time period and the probability of arrival λ in each period. Such an arrival
process is a discrete-time approximation of the
Poisson process, which is a standard model in
the dynamic pricing literature (Gallego and van
Ryzin, 1994; Zhao and Zheng, 2000). We assume
that the company wishes to reassess its pricing
after each sale or offer of sale, and the sales process unfolds in an ‘orderly’ fashion; that is the
company presents items for sale sequentially, one
per time period. Each arriving customer compares
a directly unobservable quantity, his or her reservation price, to the current price p, and makes a
purchase if the reservation price exceeds p. The
reservation prices of arriving customers are modelled as independent continuous random variables
with the distribution Ft (·) for a customer arriving
at time t. Given the current price p, the probability of a sale occurring in the current time interval
is Λ(t, p) = λ(1 − Ft (p)). Gallego and van Ryzin
(1994) considered a case when Ft (p) is stationary,
i.e. independent of t, while Zhao and Zheng (2000)
studied a general, non-stationary case. In practice,
both the arrival probability λ and the reservation
price distribution Ft (p) are usually not known
precisely and have to be learned. The learning
problem unfolds within, as well as between the
consecutive planning horizons. Within each planning horizon, the company attempts to price its

product optimally, taking into account the state
of its current knowledge of the market.
All pricing policies considered in this paper are
of the state-feedback form, and the possible values
of the price belong to a given set Π. If all model
parameters are known then the state of the system
at time t can be described in terms of remaining
inventory y (see, for example Gallego and van
Ryzin (1994)). If parameters are not known precisely, the optimal decision has to be based on the
complete state description which includes entire
histories of the sales and price processes. This is
because the pricing policy depends on predictions
of future demand intensity and reservation prices
which, in turn, are dependent on the information
contained in sales and price histories.
From the policy optimization standpoint, it is important to know the purchase probability Λ(t, p) =
λ(1 − Ft (p)) as a function of time and price.
Thus, we need to specify how current information
about Λ(t, p) is represented. One possibility is
to assume that the initial information about λ
is contained in a given prior distribution, while
the reservation price distribution Ft (p) is of a
fixed parametric form (with initial information
about parameters also contained in some given
prior distribution). The resulting approach, while
quite general, will be parametric. Another possibility, when the set of prices Π is discrete, is
to assume a semi-parametric model for Λ(t, p). In
this case, we need to specify the form of Λ(t, p)
as a function of t (determined by a fixed set of
parameters) for each fixed p ∈ Π. The initial
information about parameters can be described by
an appropriate prior distribution. Note that when
demand is stationary, this approach results in a
completely nonparametric demand model. On the
other hand, there is no practical nonparametric
way to represent time dependence and, for each
p, the functional dependence of Λ(t, p) on t has
to be described by a set of parameters. A modest
restriction on the model is that Λ(t, p) needs to be
nondecreasing in p. In either case, the unknowns
which determine market operation can be represented by a single parameter vector x. The sale
probability at time t and price p corresponding to
parameter values x is denoted as Λx (t, p).
The company attempts to set its pricing policy
so that the expected revenues are maximized. To
compute the optimal policy, it should use the most
current knowledge about the parameter vector
x. The company starts with some initial (prior)
distribution for the value of x and updates it when
additional information becomes available. We let
the histories at time t be denoted as Nt (the list of
previous sale times) and Pt (the list of all previous
prices used). At time t, the list Pt has the length
t, and the list Nt has the length Y − y, where y

is the current level of inventory. At the beginning
of a planning horizon, the prior distribution for
x results in a random vector denoted as x(0, ∅, ∅).
A posterior parameter distribution at time t given
histories Nt , Pt leads to a random vector denoted
as x(t, Nt , Pt ). The posterior distribution is obtained by multiplying the prior density (distribution of x(0, ∅, ∅) at a particular parameter vector
x) and the likelihood of the observed sales history
(for particular parameter values x), where pτ denotes the price at time τ :
Y
Λx (τ, pτ )
L(t, Nt , Pt | x) =
τ ∈Nt

×

Y

τ ∈{0,...,t−1}\Nt


1 − Λx (τ, pτ ) . (1)

The company could use (t, Nt , Pt ) as a state
description, and try to find the state-feedback
pricing policy in the form p(t, Nt , Pt ). Using the
posterior distribution, the transition probability
from state (t, Nt , Pt ) to (t, Nt ∪ t, Pt ∪ p) is
d(t, Nt , Pt , p) = Ex(t,Nt ,Pt ) [Λx(t,Nt ,Pt ) (t, p)], (2)
where p is the price set by the company. These
transition probabilities can be used to construct a
dynamic program for finding p(t, Nt , Pt ) in every
state. However, an obvious drawback of such a dynamic program is the state space explosion which
makes it computationally intractable except for
some very special cases. A possible heuristic solution is to sacrifice the accuracy of the posterior distribution of parameters by only using the
price and sales history information in an aggregate
form. In the extreme case, we can collapse the
entire posterior distribution to a single value, for
example, the average over the posterior distribution which, for history (t, Nt , Pt ), is denoted as
x̄(t, Nt , Pt ).
Using the average of the distribution, the heuristic
policy can be computed under the assumption
that the average of the last posterior distribution
is the actual value of demand model parameters.
Suppose that, at time t̄, the observed history is
(t̄, Nt̄ , Pt̄ ). Then the policy for the rest of the
planning horizon is computed using the inventory
level as the state description. Let R(t, y) denote
the expected future revenue if the inventory level
at time t is y and the true value of demand
parameters is known. Let x̄ = x̄(t̄, Nt̄ , Pt̄ ), then
p = p(t, y) is the maximizer in the dynamic
program:
n

R(t, y) = max Λx̄ (t, p) p + R(t + 1, y − 1)
p∈Π
o
+ (1 − Λx̄ (t, p))R(t + 1, y) ,
y = 1, . . . , Y − |Nt̄ |, t̄ ≤ t ≤ T − 1, (3)
with the boundary conditions

R(T, y) = 0, y = 1, . . . , Y − |Nt̄ |, and
R(t, 0) = 0, t ∈ {t̄, . . . , T }.

(4)
(5)

The learning process and pricing policy execution
proceeds as follows. A planning horizon is split
into a given number of subintervals. These subintervals may correspond to the individual decision
periods (of length 1) or consist of several periods.
Suppose that all subintervals have equal length. In
the first subinterval, the company uses a pricing
policy corresponding to the average of the prior
distribution, x̄(0, ∅, ∅). After observing the history
(let it be represented by (t̄, Nt̄ , Pt̄ )), the company
updates the parameter distribution to that of
x(t̄, Nt̄ , Pt̄ ) and recomputes the policy using the
updated average x̄(t̄, Nt̄ , Pt̄ ). In the second subinterval, it applies the new policy, observes the new
history, updates the parameter distribution, and
so on. After the present planning horizon is completed or all inventory is sold out, the final posterior distribution of parameters becomes the prior
distribution of a subsequent planning horizon. Use
of subintervals of length 1 corresponds to “online”
learning, while subintervals of length T (only one
“subinterval” per planning horizon) correspond
to “offline” learning. We refer to the length of
subintervals as learning periodicity. While learning offline is likely to be inadequate, a fully online
approach may be computationally excessive. For
most distributions, it is impossible to perform
the updates in the exact form. Therefore, we employ finite sample approximations to prior and
posterior distributions. The form of distribution
updates allows for extra flexibility. In addition
to purely Bayesian ideas explored in this section,
we can consider complementary approaches developed in the learning literature such as the Aggregating Algorithm discussed in the next section.

3. AGGREGATING ALGORITHM: UPDATES
TO POSTERIOR DISTRIBUTION
Our distribution update procedure can be understood from several perspectives. The original
motivation for this procedure comes from the
Aggregating Algorithm of Vovk (1999) applied
to a certain type of stochastic prediction strategies (Markov switching strategies, see, for example, Levina (2004)). It can also be viewed as a
Bayesian computational procedure.
The Aggregating Algorithm is based on a very
general model of learning as a sequential perfect
information game between the following players:
Decision Maker (DM), Pool, and Reality. DM is
an entity which has to choose a decision from a
particular set of decisions (for example, to make
a forecast). Pool can be viewed as a set of experts
or prediction strategies whose recommendations

about decisions can be considered by DM. Finally,
Reality is an entity which determines the actual
payoffs for the decisions made by DM as well as all
experts (strategies) in the Pool. The game, which
does not generally need to be adversarial, can be
described by the following Protocol:
for each game stage:
Experts in the Pool make their recommendations
DM views recommendations and makes a decision
Reality determines payoffs of experts and DM.

The players have perfect information in the usual
sense that payoffs, decision sets and decisions in
the previous stages are known to all participants.
We will now associate these “players” with the
elements of our problem. In our case, DM is the
company. While it is tempting to think that the
company decision for learning purposes is the
price, it seems impossible to construct a meaningful perfect information game with any nontrivial
set of experts since the payoff (revenue earned)
of any pricing policy except for the one actually
selected by the company is unknown in practice.
Therefore, the decision of the company is associated with the demand parameter vector which is
used for the heuristic policy. This parameter vector is a prediction in a sense that it predicts future
demand. Pool and its experts represent alternative
demand predictions (parameter vectors). In terms
of AA’s formalism, Pool can be any measurable
set which may even include possible realizations
of a stochastic process. In our case, we use the set
of realizations of a Markov process (random walk
on the set of parameter vectors) as stochastic prediction strategies. Finally, Reality determines the
demand realization (sales) resulting from the application of the pricing policy which corresponds
to the parameter vector selected by DM. One natural “payoff” function which describes how well
the forecast (parameter vector) fits the observed
data is the log-likelihood.
To track relative strategy performance, AA keeps
a record of the current “weight” for each strategy in the pool starting from some initial (prior
distribution) values. In our case, if Pool corresponded to constant parameter vectors, then the
weight of a vector would be equal to the value
of the posterior distribution at this vector. In the
case of strategies which switch values according to
some random walk, the weight of each particular
realization (sequence of vectors) is proportional
to the product of the likelihoods of consecutive
history segments observed after each respective
recommendation (vector) in the sequence.
The Aggregating Algorithm describes how to
“merge” the recommendations of the strategies,
taking into account both the actual values of
recommendations and the current weights of the
strategies making them. One common variation of

AA merges by taking a weighted average of recommendations using the current weights. We emphasize that this is just one of many possible ways to
merge. This operation could be written explicitly
for the case of constant strategies. However, due
to accumulation of terms in the likelihood, the
computation of the weighted average will progressively become more difficult as DM acquires more
and more data. An alternative, which we discuss
next, is based on the Markov switching strategies
and a finite sample approximation, and appears
to be much more attractive computationally.
As we have already stated, the distribution of x is
approximated by a discrete sample W = (xi )N
i=1 .
After observing the sales and price history, we
generally want to perform an update to the distribution of parameters and recompute the heuristic
pricing policy using the resulting new posterior
distribution mean.
Suppose we want to update a finite-sample approximation W to the prior distribution (corresponding to x(0, ∅, ∅)) to obtain a finite-sample
approximation W 0 to the posterior distribution
(corresponding to x(t, Nt , Pt )). This is done using a Monte-Carlo accept-reject algorithm with
bootstrap-like resampling of the elements of W,
(see Levina (2004)). The elements of the new
sample are denoted as x0k where k is the counter
of points in the new sample.
Algorithm: accept-reject bootstrap resampling
Inputs: finite-sample (size N ) approximation W of x(0, ∅, ∅),
sales and price process history (t, Nt , Pt )
Output: finite-sample (size N ) approximation W 0
of x(t, Nt , Pt )
Set k := 0
Set Lmax := maxi=1,...,N L(t, Nt , Pt | xi )
while k < N do
Choose u from U [0, 1]
Choose j randomly from {1, . . . , N }
L(t,N ,P | xj )

t
t
if u ≤
Lmax
Set k := k + 1
Set x0k := xj
endif
enddo

then

When AA is applied to Markov switching strategies, W 0 represents a finite sample approximation
to the distribution of current values of the random
walk realizations. The value of this distribution
at a particular parameter vector represents the
combined current weight of all strategies which
recommended this vector at the previous stage
of the game. For the purposes of merging the
recommendations in the next step, AA is concerned only with this combined weight because of
the Markovian property of the strategies. Future
recommendations for this discrete set of strategies
are easily obtained by sampling a step of the random walk from their current values. This results
in a new sample W 00 . The random walk can make

local moves (for example, Gaussian random walk)
as well as large, nonlocal moves (for example, a
reset back to the prior distribution).
We can also explain the resulting update procedure from a genetic algorithm perspective. The
sample W represents a population of parameter
vectors. The fitness of each parameter vector is
evaluated according to the likelihood function of
the observed sales and price history given this
parameter vector. The number of offspring of the
vector in the new sample is proportional to its
fitness function. Each offspring also undergoes a
random mutation. This mutation is usually small
(e.g., Gaussian random walk), but sometimes a
strong deviation from the parent point appears
(reset to a prior distribution). This achieves diversity in the sample and an appropriate trade
off between exploitation of previous good values
(keeping duplicates of points with high likelihood
values) and exploration (random deviation from
the previous values).

4. NUMERICAL ILLUSTRATIONS
In this section we report two numerical illustrations for the algorithm. In the first experiment, we
use a parametric demand model to learn demand
which is actually described by a model in the same
class. In the second experiment, we use a general
demand model to learn the demand of a form
which is unknown to the company.
The demand model used in the first experiment
is non-stationary of the form Λ(t, p) = λ(1 −
Ft (p)), where the reservation price is normally
distributed with mean µ(t) = µ0 + µ1 t/T and
standard deviation σ. Therefore,
x

Λ (t, p) = λ(1 − Φ((p − µ(t))/σ))
with the parameter vector of the form x =
(λ, µ0 , µ1 , σ). The true parameter values were λ =
0.1, µ0 = 3, µ1 = 1 and σ = 1, while the prior
distribution was uniform over the hyperrectangle [0.01, 0.5] × [0, 10] × [−3, 3] × [0.1, 5.0]. The
pricing model used a time horizon of T = 2000
time intervals, the initial inventory Y = 50,
and a discrete price set Π with 20 values in the
range {0.5, 1, 1.5, . . . , 9.5, 10}. We simulated 20
independent replications of the learning process
by means of AA over 10 consecutive planning
horizons. The parameter distribution approximation used 40000 discrete sample points. Random
walk perturbations to parameter values were distributed as Student’s t distribution with 3 degrees
of freedom scaled by 0.1 for µ0 , 0.05 for µ1 , 0.05
for σ and 0.01 for λ and truncated to ensure
the walk remains within the bounds specified by
the prior distribution. The reason for the use of
Student’s t distribution is its heavier tails than,

for example, those of the normal distribution,
resulting in somewhat more active exploration of
the parameter space. Probability of a reset to
the prior distribution was 0.001 for each strategy.
We compared three runs with different periodicity
of parameter distribution updates (times between
AA stages): 2000 (offline), 200 and 20. (For the
last two runs, the step scale
√ parameters
√ were reduced by the factors of 0.1 and 0.01, while
the reset probability was reduced by factors of
0.1 and 0.01, respectively). Figure 1 shows the
expected revenues for the true parameter values
(solid line) together with the average revenues
over 20 simulations for each of 10 consecutive
planning horizons for each value of periodicity
(dashed lines). We see that there is a significant
initial benefit from decreasing periodicity from
2000 (offline) to 200. However, the benefits from
further reduction (more online) are not clear. The
difference is noticeable only during the first planning horizon. After that all three lines remain very
close to true optimum. The standard deviation
of total revenues over 20 replications for each
learning periodicity are shown in Figure 2. The
standard deviation obtained in learning situations
is comparable to the standard deviation of total
revenues under the optimal policy for true parameter values (solid line), has a tendency to decrease
as the learning process unfolds, and appears to be
smaller for learning periodicities 200 and 20 than
for offline learning. While keeping all experiment
parameters the same and fixing learning periodicity at T /10, we have also examined the effects
of a shorter time horizon T which is equivalent
to a smaller expected number of arrivals λT . The
algorithm remained an effective learning tool for
values of T above 500 (thus, λT ≥ 50).
The second experiment concerns a stationary (independent of time) semi-parametric (in the sense
of Section 2) model. Here we observe that if the
set of admissible prices Π is discrete, then it is
sufficient to learn the products xi of the arrival
probability and the probability of the reservation
price falling between two consecutive values pi
and pi+1 of Π (to simplify notation, assume that
p0 = −∞ and pn+1 = ∞, where n is the number
of finite price values in Π). Specifically, in this
experiment we assume that demand is stationary
and model the purchase probability as
X
Λx (t, p) =
xi .
pi ∈Π: pi ≥p

This method is applied to learn an exponential
demand model of the form Λ(p) = 0.1 exp(−p/3).
We make the learning task deliberately difficult by
using a true model which is quite different from
any curve in the initial population. The latter corresponds to a random sample of stationary (µ1 =
0) normal models similar to the ones considered in
the previous example. The parameters (λ, µ0 , σ) of
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these curves are sampled from the uniform prior
distribution over [0.01, 0.5] × [0, 5] × [0.1, 5.0]. We
used the periodicity of 200, probability 0.01 of
a reset to the prior distribution and the scaled
geometric Gaussian (correlated) random walk on
the space of parameters. That is, a new parameter
vector x0 is sampled according to
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In conclusion, we remark that the approach of this
paper can be extended to a multiproduct case by
introducing separate probabilities of sale for each
product and learning the combined parameter
vector.
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